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Abstract: We investigate the robust stabilization problem for a family of uncertain nonlinear
systems with uncontrollable/unobservable linearization. To achieve global robust stabilization
using a single output feedback controller, we introduce a rescaling transformation with an
appropriate dilation, which turns out to be very effective in dealing with uncertainty of the
system. Using this rescaling technique combined with the non-separation principle based design
methods (Qian and Lin, 2002a; Yang and Lin, 2003), we develop a robust output feedback
control scheme for uncertain nonlinear systems satisfying a homogeneous growth condition. Both
a smooth state feedback controller and a homogeneous observer are designed for the rescaled
system using only the knowledge of the bounding system rather than the uncertain system itself.
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1. INTRODUCTION

In this paper, we consider the problem of global simulta-
neous stabilization via a single output feedback controller,
for a family of uncertain high-order systems of the form

m =mnh + ¢1(t,m,v)

7.]1171 = 775 + ¢n71(ty777 ’U)
ﬁn =v+ d’n(tﬂ% U)
y=n1, (1.1)

where v € R, n € R™ and y € R are the system input,
state and output, respectively, and p > 1 is an odd integer.
The mappings ¢; : RxR" xR — R, ¢« = 1,--- n,
represent a class of C'! functions that involve uncertainty
and may not be precisely known.

It is worth to mention that a necessary and sufficient condi-
tion has been characterized recently (Cheng and Lin, 2003)
for the existence of a change of coordinates (diffeomor-
phism) and a state feedback control law transforming a
smooth affine system

E=fE)+g®w  and y = h(g),
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into the nonlinear system (1.1) with a suitable form of
@i(t,n,v) (see (Cheng and Lin, 2003) for details). Thus,
(1.1) can be viewed as a generalized normal form of affine
systems when exact feedback linearization is not possible.
It is referred as a p—mnormal form (Cheng and Lin, 2003)

For the class of affine systems that is topologically equiva-
lent to the p—mormal form (1.1), interesting stabilization
results have been obtained over the years. For example, lo-
cal and global asymptotic stabilization of the system (1.1)
with n =3, p=3and ¢;(¢t,n,v) =0, i =1,2,3, by means
of smooth state feedback, were investigated in (Crouch and
Irving, 1983) and (Byrnes and Isidori, 1989), respectively.
In the n-dimensional case, a globally stabilizing smooth
state feedback control law was explicitly designed by the
tool of adding a power integrator (Lin and Qian, 2000), for
a class of nonlinear systems (1.1) under appropriate growth
conditions that can be regarded as a high-order version of
feedback linearizable condition.

Much of the literature on stabilization of nonlinear systems
has focused on the design of state feedback. In the past
two years, research efforts towards the development of
output feedback control schemes for the nonlinear system
(1.1) have gained momentum. The paper (Qian and Lin,
2002b) studied the global stabilization of the high-order
system (1.1) in the plane using smooth output feedback.
Under suitable conditions imposed on ¢;(-), a reduced-
order nonlinear observer was designed in (Qian and Lin,
2002b), resulting in a globally stabilizing, smooth dynamic
output compensator. Notably, the output feedback design
in (Qian and Lin, 2002b) does not rely on the separation
principle. Instead, it uses the idea of coupled controller-



observer construction. In (Dayawansa, 2002), Dayawansa
proved the existence of a smooth output feedback stabilizer
for the three-dimensional system (1.1) when p = 3 and
¢i(-) = 0,7 = 1,2,3. His proof is based on the theory
of homogeneous systems (Hahn, 1967; Bacciotti, 1992)
and some elegant design techniques from (Dayawansa,
1992; Dayawansa et al., 1990; Kawski, 1989; Hermes, 1991;
Rosier, 1992).

More recently, we have shown that for the n-dimensional
nonlinear system (1.1) with ¢;(-) = 0, ¢ = 1,---,n,
which is homogeneous, the problem of global stabilization
is solvable by smooth output feedback (Yang and Lin,
2003). This was done by developing a new observe design
technique for the construction of a homogeneous observer,
combined with the tool of adding a power integrator
(Lin and Qian, 2000) for the design of a smooth state
feedback controller. When ¢;(-) # 0, ¢ = 1,---,n and
satisfy a global Lipschitz-like condition, we further showed
that global stabilization of the non-homogeneous system
(1.1) can still be achieved via smooth output feedback
(Yang and Lin, 2003). A key ingredient of the output
feedback control strategy in (Yang and Lin, 2003) is the
development of a recursive algorithm for the design of
homogeneous observers, which makes it possible to assign
the gains of the homogeneous observer one-by-one, in a
step-by-step manner. Although such an observer design
is substantially different from the “Luenberger” or “high-
gain” observer design (Khalil and Saberi, 1987; Gauthier
et al., 1992; Krener and Isidori, 1983; Isidori, 1999; Krener
and Kang, 2003), it still uses a copy of the original
system and hence requires the precise information of the
controlled plant. In other words, the nonlinear functions
¢i(t,n,v), ¢ = 1,---,n, in (1.1) must be independent
of ¢t and involve no uncertainty. As a result, the output
feedback control scheme in (Yang and Lin, 2003) is not
robust with respect to parametric or structural uncertainty
and can only be applied to a single nonlinear system with
an accurate model.

The purpose of this paper is two-folds: to address the ro-
bust issue discussed above, and to develop a robust output
feedback control scheme for a family of uncertain nonlin-
ear systems (1.1) that satisfies the following homogeneous
growth condition:

Assumption 1.1. There exists a real constant C > 0 such
that V(¢t,n,v) € R x R™ x R,

gt )| < C(ImlP+---+mlP), i=1,---,n. (12)

The control objective is to find, if possible, a single smooth
dynamic output compensator

&=0(z,y), &R,

v=u(&,y), (1.3)

that globally simultaneously stabilizes the entire family of
uncertain systems (1.1). Since Assumption 1.1 is weaker
than the high-order type of the global Lipschitz-like condi-
tion given in (Yang and Lin, 2003), the class of nonlinear
systems considered in this paper is larger than the one
studied in (Yang and Lin, 2003). More significantly, be-
cause the feedback design of the dynamic output compen-
sator (1.3) uses only the knowledge of the upper-bound of
¢i(+) (i-e., the condition (1.2)) instead of ¢;(-) itself, global
output feedback stabilization will be achieved in a robust
fashion, that is, in a manner which is not sensitive to per-
turbations and parametric uncertainties in the system. The
key for such robustness is the introduction of a rescaling
technique with a subtle dilation, which transforms the orig-
inal system (1.1) into a rescaled one for which a dynamic
output compensator can be constructed using the output
feedback design method in (Yang and Lin, 2003), with a
suitable twist. With the help of the rescaling technique,

the uncertain nonlinearities ¢;(-) in (1.1) can be handled
easily by tuning the rescaling factor. In the case of un-
certain systems with controllable/observable linearization
(i.e., p = 1), the new design method provides not only a
deeper insight but also an interesting alternative solution
to the output feedback stabilization problem considered in
(Qian and Lin, 2002a).

2. THE CASE WHEN P =1

To better understand how the problem global robust sta-
bilization of the uncertain nonlinear system (1.1) can be
solved by output feedback under Assumption 1.1, we revisit
a simple situation of (1.1) where p = 1, i.e., the case
when the first approximation of (1.1) is controllable and
observable. In this case, the uncertain system (1.1) can be
rewritten as

m =n2 + ¢1(t,m,v)

-1 =1 + ¢n-1(t,n,v)
n = v + én(t, 1, v)
y=m, (2.1)
and Assumption 1.1 reduces to the linear growth condition:
|6i(t,m,0) < C (Il +---+1mil), i=1,---,n. (2.2)

In the paper (Qian and Lin, 2002a), we have shown that
global robust stabilization of the uncertain system (2.1)
satisfying (2.2) is solvable by a linear output dynamic
compensator. The proof was not based on the separation
principle but instead, it relied on a coupled controller-
observer design (Qian and Lin, 2002a). Due to the intricacy
of such a design, it is, however, not easy to extend the
output feedback design approach of (Qian and Lin, 2002a)
to a family of high-order uncertain systems such as (1.1).

In this section, we explore an alternative output feedback
control strategy that takes advantage of homogeneity of
the system, and hence can be naturally extended, in an
intuitive and transparent manner, to the high-order uncer-
tain system (1.1) with p > 1. To this end, we introduce
a rescaling transformation with a suitable dilation for the
original system (2.1), which turns out to be crucial for
dominating the of uncertainty (2.1). To be precise, let

:%, t1=1,---,n, and u:%7 (2.3)

Ty

where M > 1 is a rescaling factor to be determined later.

Under the new coordinates x;’s, the uncertain system (2.1)
can be expressed as

&1 =Mza + f1(t, z,u)

Tn—1=Mzn + frn_1(t,z,u)
Tn = Mu+ fn(t,z,u)
y=uz1, (2.4)
By the hypothesis (2.2) and the fact M > 1,

= |20 | o Clml+ -+ [ni)
T M-t Mi—1
<C (el 4+ +z]), 1 <3< n. (2.5)

[fi(+)

IN

For the rescaled uncertain system (2.4) with the constraint
(2.5), it is easy to design a linear state feedback controller

Thi1 = —Bnén = —(b121 + - + bnan), (2.6)
such that



Un < =M[3(E +--+ &) = nlu—a11)],  (27)

where U,, = %(5% + .-+ £2) is a quadratic Lyapunov
function, §; = z; — =}, i =1,---,n, and

x} =0, x5=-F&, -, xp=—LFn-1&n-1,

with 3; and b; being known constants independent of M.

Next, we apply the idea of designing a reduced-order
observer (Yang and Lin, 2003) to get the linear observer

29 = M(%3 + LyLax1) — MLa(32 + Loa)
30 =Mu— MLy, --

~L2(,’2’2 +L2.’El), (2.8)

which, in turn, leads to the following estimate for the

unmeasurable state (z2,: -, xn):
&i =2+ L Loxy, i=2,,n  (29)
The gain parameters Lo, -, L, are to be assigned later.

It should be pointed out that the reduced order observer
(2.8) is different from the one in (Yang and Lin, 2003) in
two respects: 1) it does not involve a copy of ¢;(-) which
is an uncertain function and hence not implementable.
In other words, the new observer (2.8) needs no precise
information of the uncertainty of the system; 2) it contains
a rescaling factor M that turns out to be very useful in
dominating the uncertainty of the system, under the linear
growth condition (2.2).

Let e; =w; — & = (w; — L; -+ - Lox1) — 24, 2 < i <n, be

the estimate errors. Then, the error dynamics is give by

é2 = Me3 + fa(-) — MLaea — La f1(:)

én = fn(') - MLn e L262 - Ln s szl('). (2.10)

Inspired by the certainty equivalence principle, we replace
the unmeasurable state (x2, -+, 2n) in the controller (2.6)
by its estimate (#2,---,%n) generated by the observer
(2.8)-(2.9). In this way, we get the implementable controller

u = —(blwl—‘rbg(f:z—‘r"'—l-bn.’fn). (2.11)
Substituting (2.11) into (2.7) yields
Un < —M[2(&] +-- + &) - K(e5 + - +ep)]. (212)

where K > 0 is a fixed generic constant independent of M.

Now, consider the Lyapunov function
_ 11,2 _ 2, .. _ 2
Vi =Up + 2 e5 + (e3 — Lzez)” + + (en — Lnen—1)|.

Using the completion of square, together with the linear
growth condition (2.2), it is not difficult to prove that

. KoL2
Vi < —M(E;;lgf + [L2 —ca(Ls, -+, Ln) — % 2]e3
Kn_1L?_
+oot [Lnfl —cn—1(Ln) — %]eifl
Kn L2
L e - F2L2]2), (2.13)

where c2(Ls, -, Ln), -, cn—1(Ln-1,Ln),cn—1(Ln) are
positive constants independent of M, ¢, > 0 and K; >
0,2 < i < n are known constants independent of M and all
L;’s.

Choosing the gain parameters L; and M one-by-one, in the
order of Ly, -+, La, M as follows:

Ly —cn— Kn

\Y

1= Lpn > 1+cn+ Kn

Lp—1— Cnfl(Ln) —Kpn121= L1 21 +Cn71(Ln) + Kn_1

Ly —ca(L3, -, Ln)— K2 >1= Ly > 1+ c2(L3,--

M Z ma‘X{L%7 o '7L%}7

we have
Vn() S —M[(E +-+ &) + (3 +- +e)].

Hence, the nonlinear system (2.1) is globally asymptoti-
cally stabilizable via output feedback.

3. THE CASE WHEN P > 1

The robust output feedback control scheme developed
so far for the uncertain system (2.1) with control-
lable/observable linearization can be extended, in a natural
manner, to its high-order counterpart. In this section, we
show that in spite of loss of controllability and observabil-
ity in the first approximation, a robust output feedback
control method can be developed for a family of uncertain
high-order systems (1.1) under Assumption 1.1. In partic-
ular, with the help of Lemmas 6.1—6.5 in the appendix,
it is possible to establish the following output feedback
stabilization theorem that is the main result of this paper.

Theorem 3.1. For a family of uncertain systems (1.1)
satisfying Assumption 1.1, there exists a smooth output
feedback controller of the form (1.3), such that the closed-
loop system (1.1)—(1.3) is globally asymptotically stable at
the equilibrium (z, ) = (0, 0).

Proof: We shall prove this theorem by explicitly designing
a robust smooth state feedback controller, and a homoge-
neous observer that does not require the information of
the uncertainties (i.e., ¢;(t,n,v), ¢ = 1,---,n). The con-
struction of the robust observer is significantly differently
from the one (Yang and Lin, 2003) in the sense that no
copy of ¢;(t,n,v) appears in the robust observer, while the
nonlinear observer in (Yang and Lin, 2003) did use a copy
of ¢;(t,m,v), and thus ¢;(¢,n,v) in (Yang and Lin, 2003)
must be known precisely and time-independent. Another
new ingredient of our output feedback design is the devel-
opment a novel technique for handling the uncertain terms
in the system (1.1). In particular, a higher-order rescaling
transformation with a subtly selected dilation is employed
to govern the uncertainty.

For the convenience of the reader, we break up the proof
into three parts.

Part 1 — Rescaling of the Original System. When
¢i(-) = 0, system (1.1) becomes a homogeneous system
with dilation (1,---,1; p) and degree p—1 (see, for example,
(Kawski, 1989; Hermes, 1991)). Keeping this in mind and
motivated by the rescaling technique used in the last sec-
tion, we introduce the following rescaling transformation

1 =m
2
T2=—"71
M?
x SR |
n = 1 1
M5+"'+pn—,1
v
v (3.1)
M1+%+‘“+pn+1

. R 1 1 1. 1., 1
Wlthdllatlon(0,57"'7;+"‘+Fy1+p+ +pn71)7

where M > 1 is a rescaling factor to be assigned later.

(2.14)

'7Ln+K2



In the rescaled coordinates x;’s, the uncertain system can
be represented as

T :ng +f1(~)

Tp—1= ng + fnfl(')
&n = Mu+ fn(), (3.2)
where
[f1O) = o1()] < Clm P < Clza|?
. C D + D
o ()] = ¢2(;) < (|| f n21P)
Mpr M?P
<OM'TF (jor P + |2afP)

on () ClmlP +---+ |nnl?)
()l = ' ;+.AL.+; < ;+..A+;n
MP pn—1 MP pn—1
1——L
<OM T (@ 4+ leal) . (39)

The estimates obtained in (3.3) are a direct consequence
of Assumption 1.1 and the fact M > 1.

In this way, a new design parameter — the rescaling factor
M — is added into the design of a dynamic output com-
pensator for the rescaled system (3.2). It creates an extra
freedom and will play an important role in dominating the
uncertainty of the system, i.e., f;(-), 1 <i <mn, in (3.2).

Part 2 — State Feedback Design. For the rescaled
system (3.2) satisfying the growth condition (3.3), we now
construct a robust state feedback controller via the adding
a power integrator method (Lin and Qian, 2000). Indeed,
following the design procedure of (Lin and Qian, 2000), it
is easy to obtain

* * 5%
ZE1=0, §1:ZB1—(E1, U1:77
* 62
x3 = —pi&, §2 = 2 — 3, U2=U1+E27
62
73; = —fBn-1én-1, {n =Tn — :C:“ Upn=Up-1+ ?n7

and a smooth state feedback control law
x;+1 = _(ﬁngn)p = _(blxl + -+ bnl'n)p (3~4)
such that

n
Un(€r, 1 6n) < M[ =603 &)+ &nlu - w41)] (3.5)
i=1
where all the constants 31, - - -
and independent of M.

,Bn and by, - - -, by, are known

Part 3 — Output Feedback Design. Since y = z1 is
measurable and only unmeasurable states of the rescaled
system (3.2) are (x2,---,xn), we need only to design a
reduced-order (n — 1)-dimensional observer for (3.2). How-
ever, the observer design method in (Yang and Lin, 2003)
cannot be applied to the rescaled system (3.2) as it uses a
copy of fi(-),i =1,---,n, which are time-varying and not
precisely known. Motivated by the robust observer design
in Section 2, next we shall design an (n — 1)-dimensional
robust homogeneous observer to estimate, instead of the
states (z2,---,Zn), the unmeasurable variables

29 =x3 — Lam

Zn =%n — Ln -+ Lax1, (3~6)

where the parameters La,---, L, > 0 are gain constants
to be determined later.

From (3.6) it follows that
do = (Mg + fa()) — La(Maj + f1())

in = (Mu+ fn()) = Ln -+ La(Maf + f1 (). (3.7)

In view of (3.7), one can construct (similar to the previous
section) the (n — 1)-dimensional nonlinear observer

:22 =M(23 + L3L2:C1)p — MLo(%2 + Lzz‘l)p

én:Mu—MLn~--L2(22+L21‘1)p7 (3.8)

which does not involve the uncertain functions f1(-), -, fn(-)
in (3.2). This is substantially different from the homoge-
neous observer proposed in (Yang and Lin, 2003).

By construction, the reduced-order observer (3.8) is imple-
mentable. Moreover, the estimates of x;’s can be obtained
based on the following relationships:

&i=2i+Li- Loxy,  i=2--,n (3.9
Let e; = 2, — 2, = ¢x; — &4, © = 2,---,n, be the estimate
errors. Then, the error dynamics can be written as

ey = M(a} — &) + fa() — ML2(a} — #8) — Laf1(-)

(3.10)
n = fu() = MLy~ La(a} —85) — Ln -+ L2f1()

By the certainty equivalence principle, the unmeasurable
state (z2,---,Zn) in the controller (3.4) is replaced by its
estimate (£2,---,%n) generated by the nonlinear observer
(3.8)—(3.9). In this way, one obtains the implementable
feedback controller

u = —(bl.’El + baZo +~~+bn§3n)p, (3.11)
where &; = 2;, + L; --- Loz, 2<i<n.

Substituting (3.11) into (3.5) and using Lemmas 6.3 and

5.1, we have (with a tedious but direct calculation)
n

n

Un<-M[50> et -k ], (312
i=1 i=2

where K > 0 is a fixed generic constant independent of M.

To determine the observer gains Lo, - -, Lp, we introduce

the change of coordinates
€a =e2, é3 =e3 — Lzea, -+, én =en — Lnen—1 (3.13)

In the coordinates of £ and €, (3.12) can be represented as
(by Lemma 6.3)

Un < =M [5(S71€0 ) = ca(Ls, -, Ln)e ™t

— o= eno1(Ln)eb ] — e, (3.14)

n—1

where c2(Ls3, -, Ln), +,cn—2(Ln-1,Ln),cn—1(Ln) are
positive real constants independent of M, and ¢, > 0 is
a known constant independent of M and all the L;’s.

On the other hand, the error dynamics (3.10) can be
expressed as (in the coordinate €)

&= M(a§ — &%) + f2() — MLa(ah — #5) — Laf1 ()

énfl :M(wg_ig)‘i‘fnfl(’)_MLnfl(mZ,l_f%p )

n—1
_Lnflfn72(')
én = fn(') - ML’!L(ng - i‘z) - Lnfnfl(‘)v (3~15)

For system (3.15), consider the Lyapunov function



Wn(é27"'yén): (€2+ i)

Then, a straightforward computation gives

Wy=— — &) + D gfi 1 (af — 3D)

(xl +51) } +E, 2~1f;\(4)

n flfl()
=i, Léi——= 7 )

Similar to (Yang and Lin, 2003), it is not difficult to get
the following estimations for each term on the right hand
side of (3.16):

(Z?:QL,-é,- (@i + &P

=37 oLié; [:c

(3.16)

et et
|&i1(a? —aP)| < =L 4 ep()ept!
n—1
ot e
~ €P+1 £P+1 ~
|Li6i[$f p]| ) + &2(°)é) P
+~v+éi71(v)é§’“,
_ fi) 1 ; 1 _pt1
&= € — (it + ke

_ fic1() 1 i1 pp+1
‘Lz € M ‘ S m(zj 153‘ )
-1
+ KM P L Tertt (3.47)
~ A R A
,nand é(-) = éa(L3, -+, Ln), - ,én-1(-) =
én—1(Ln) are positive constants independent of M. More-

over, both é, > 0 and K > 0 are known constants
independent of L;’s and M.

wherei = 2, - -

Substituting (3.17) into (3.16),
Lemma 6.4 that

one can deduce from

. .
W <01 (g - 5

+[e2(Ls, -+, L) + KnglLP“} et

+oo ot [Eno1(Ln) + Knoa M - pS Lp et

n

1
+[En + KnM 72 LA éﬁ“) (3.18)

where é2(Ls, -, Ln),"+,én—1(Ln-1,Ln),én—1(Ln) are
positive constants independent of M, while &, > 0 and
K; > 0,2 < i < n are known constants independent of
L;’s and M.

Finally, choose the Lyapunov function

Vn(gly o 7£nyé27 e yé’fl) = Un(fl, ce 7§n)+Wn(é27 ce yé’ll)

for the closed-loop system in the coordinates (§,€). Then,
it is straightforward to show that

Vo ([ s ]

Lo Ko pi17pt1
+[2p71 _02(L37“'7L7L)_VL§ ]eg

Lp-1 Kn_1 +175p+1
++|:2;71 - Yn— (Ln)_7—Lp ] Z,
M ™™
L K
+ [2pf1 —Cp— —2 Lﬁ“}éﬁ“), (3.19)
Mpan
where Co(L3, -+, Ln), -+, Cn—2(Ln-1,Ln),Cn—1(Ln) are

positive constants independent of M, while C), > 0 and
K; > 0, 2 < i < n are positive constants independent of
L;’s and M.

From (3.19), it is easy to conclude that if the gain param-
eters L;’s and M are assigned one-by-one, in the order of
Lp,Lp_1,--+,L2,M (i.e., in a manner similar to (2.14)),
one has

Vo S =M€+ + e + ).
This, in turn, implies that the uncertain nonlinear system
(1.1) is globally asymptotically stabilized by the dynamic
output compensator (3.8)—(3.11). O

@& +-

So far, we have considered the problem of global output
feedback stabilization for the uncertain high order system
(1.1) satisfying a lower-triangular growth condition. In the
remainder of this section, we briefly discuss to what extent,
the output feedback stabilization result thus obtained can
be extended to a larger class of uncertain nonlinear systems
in the p-normal form (Cheng and Lin, 2003), which goes
beyond a strict-triangular structure.

As shown in (Cheng and Lin, 2003), every smooth affine
system is, under appropriate conditions, feedback equiva-
lent to the following nonlinear system

. —1
m=n54+n $rp-10t,nv)+--

+772¢1,1 (t7 B U) + ¢1,0(t7 B U)

ﬁn—l = 772 + 7]271@171,;071(@ 77711) + -
Hndn—1,1(t,1,v) + dn—1,0(t, n,v)
'i]n =v+ ¢n,0(t7 m, 1})

y=n1, (3-20)
called p-normal form, where v € R, n € R™ and y € R
are the system input, state and output, respectively, and
p > 1 is an odd integer. The mappings ¢; ; : R x R™ X
R—R,i=1,---,n j=0,---,p—1 are C!, involve
uncertainty and may be unknown.

The condition below, which is a natural generalization of
the homogeneous growth condition (1.2), characterizes a
subclass of the uncertain nonlinear systems (3.20).

Assumption 3.2. There exists a constant C' > 0 such that
Y(t,n,v) € R x R™ x R,

(61,5 (t,m0)| < Cm [P~ + -+ [miP),
where j = 0,---,p—1 when i =1,---
7 =0 when i = n.

(3.21)

,n — 1. Moreover,

The following result is an extension of Theorem 3.1.

Theorem 3.3. Under Assumption 3.2, there is a smooth
dynamic output compensator (1.3) making the uncertain
system (3.20) globally asymptotically stable.

This conclusion can be proved in the spirit of Theorem
3.1, except more dedicated estimations are required when
constructing recursively a robust state feedback stabilizer
and a homogeneous observer. The details are omitted for
the reason of space. The interested reader is referred to
(Yang and Lin, 2004).

4. OUTPUT FEEDBACK STABILIZATION OF
UNCERTAIN CASCADE SYSTEMS

The purpose of this section is to investigate how the
robust output feedback stabilization results obtained in the
previous section can be extended to a family of uncertain
cascade systems of the form

CZFO(t7C7ﬁ7”)
ﬁl :ng + ¢1(t7 Cﬂ?v”)

ﬁnfl = 777% + ¢7’L71(t7 C77]7 'U)
'I’.]n :U+¢n(t7(:7777”)
y=mn, (4.1)



where v € R and y € R are the system input and output,
respectively, ¢ € R" and n € R are the system states, and
p > 1is an odd integer. The functions Fp : R x R*T" x
R—-Rand¢; : RxR"" xR —R, i=1,---,n, are
C° with Fy(t,0,0,0) = 0 and ¢;(¢,0,---,0) = 0.

To tackle the problem of global robust stabilization by
smooth output feedback for the cascade system (4.1), we
make the following assumptions:

Assumption 4.1. There is a C? Lyapunov function Up(¢),
which is positive definite and proper, such that for all
(t7 C7777 'U) € R x R x ]R7
AUy 1
6—<Fo(t,Cﬂ7,v) < —[I¢IPT + Konp ™, (4.2)

where Ko > 0 is a real constant.

Assumption 4.2. There exists a constant C' > 0 such that
Y(t,¢mnv) ERX R xRandi=1,---,n,

19i(t, &m, o) < CUCNP 4 m [P + -+ [mf?). - (4.3)

Clearly, Assumption 4.1 is a sort of ISS-like condi-
tion, while Assumption 4.2 is a natural generalization of
the homogeneous growth condition (1.2). With the help
of the two aforementioned conditions, we can establish
the following global output feedback stabilization result
for the uncertain cascade system (4.1) with uncontrol-
lable/unobservable linearization.

Theorem 4.3. Under Assumptions 4.1-4.2, the uncertain
cascade system (4.1) is globally robustly stabilizable by
smooth output feedback.

Proof: The proof of this result is similar to that of
Theorem 3.1. A key difference lies in the design of a
partial-state (rather than full-state) feedback controller for
the uncertain cascade system (4.1). For this reason, we
give only a sketch of the proof with an emphasis on the
difference.

As done in the proof of Theorem 3.1, we first introduce
a rescaling transformation that is composed of { = ¢ and
(3.1) for the uncertain system (4.1). Such a transformation
results in

C.: FO(@CJ% 1))
T1 = M:cg + Fi(t,¢,x,u)

:.C’fbfl = fob + anl(tv C7Z',u)
Tn = Mu+ Fn(t,¢,z,u)
y=x, (44)
where the system uncertainty satisfies the constraints:

F1() = 1o1() < CUICHP + Im[P) < CICP + [x1]?),

¢2 . C C P4+ m P4 2 p
Fo()| = (;) < (¢l Ill [n217)
P Mr
_1
<M (ICIIP + |z P + |22|P),
: (4.5)
bn (- CICIP + )P 4 - -+ |nn]P
|Fn(v)|=‘ Hn_i)l < el LL; )
MP pn—1T MP pn—1T

1——L
<CM 2 (K A P e A f2alP)

For the rescaled system (4.4) with the constraint (4.5), it
is not difficult to see that Assumptions 4.1-4.2 imply the
existence of a globally stabilizing, partial-state feedback
controller u(z1,- -+, zn). This conclusion can be proved via
the tool of adding a power integrator, as illustrated below.

Consider the Lyapunov function

Uo(¢) = (n+6)MUo(C). (4.6)
Then, it follows from (4.2) that
o < M|~ (n+6)[[C|PT! + (n+6)Koat T1].  (4.7)
Let &1 = x1 and choose the Lynapunov function
U1 0) = Do(0) + 561

Using the fact that M > 1 and (4.5), one deduces from
(4.7) that

U1 < M[ = (n+6)[[cPH + (n + 6)Koal |
+1 (M2} + Fi(t, ¢, m,u))
SM[—(n+6)[[C|[PF! + (n+6) Kol + &1257
+Cla(CIP + [&]P) + &1 (2f — 257)]

<SM[ = (n+5)[[CIPH + Graz? + Kb + &1 (ah — 237)],

where K > 0 is a generic constant independent of M.

Clearly, the virtual controller 3 = —31&1, with §1 = (K +
n—+ 5)1/7’ being a constant independent of M, yields

01 < M[— (n+5)(IICIP + €740 + & (2 — 237)].

By a similar inductive argument, at the n-th step, we
conclude that there exist a set of transformations

z; = —Pi-1&i-1, i=1,--,n, (48)
a Lyapunov function

1
Un(C,€1,e+€n) = (0 + 6)MU(Q) + 5 (68 + -+ + &),

&=z —x],

and a partial-state feedback control law of the form
Thy1 = —Bnén = —(brz1 + -+ bnan)?, (4.9)
such that

Un(G €1y, 6n) <M [ = 6([CIPT + €H + -+ &8FY)

Hen(u—alp0)],

where all the parameters (31, ---, 8 and by,---,by > 0 are
known constants independent of M. Note that inequality
(4.10) reduces to (3.5) in the absence of ¢-dynamics.

(4.10)

Because the states (z2, -, Zn) are unmeasurable, the con-
troller (4.9) cannot be directly implemented. To obtain an
implementable controller, we design an (n—1)-dimensional
observer for recovering (z2,-- -,y ) of the rescaled system
(4.4). Motivated by the robust observer design in the last
section, we ignore the uncertain terms Fj(t, ¢, x,u),i =
1,---,m, in system (4.4) and construct the dynamic output
compensator

2o = M(%3 + LyLox1)P — MLa(32 + Lox1)P

Zp=Mu— MLy --- La(22 + Laz1)P,
u=— (bix1 + bada + - - - + bpin)?

with #; = 2; + L; -+ Loz1, 2<i<n, (4.11)

where Lo, ---, Ly are the observer gains to be assigned.

The remaining part of the proof is to determine the param-
eters Lo, - -+, Ly as well as the rescaling factor M, which is
analogous to that of Theorem 3.1 and therefore left to the
reader as an exercise. In conclusion, one can prove that by
suitably choosing the gain constants Ly, Lyp—1---, L2 and
M one-by-one, the closed-loop system (4.4)—(4.11) can be
rendered globally asymptotically stable at the equilibrium
¢, z, &2, -+, %n) = (0,0,0,---,0). O



In the remainder of this section, we discuss briefly how
Theorem 3.3 for the uncertain system (3.20) in the p-
normal form can be extended to the C! uncertain cascade
system

C. = Fo(t7 C? n? /l})7
7;]1 = 7]5 + W§71¢1,p—1(t7 C,W,U) 4+
+m291,1(¢, ¢, v) + 1,03, ¢ m,v)

¢ERT,

fn—1 =1 + 05 Yn—1p—1(t () + -
+intbn—1,1(¢, ¢ m,0) + Yn—1,0( ¢, 1, v)
M = v+ Yn,0(t ¢, n,0)
y=mn1. (4.12)

To achieve global stabilization by smooth output feedback,
we assume that the {-subsystem of (4.12) satisfies the ISS-
like condition (4.2). Moreover,

Assumption 4.4. Fori=1,---,n—1and 7=0,---,p—1,
|35t Cmy )| < C(IICIP77 + iy [P,
and  |¢n,0(t, ¢,m,0) < C(I[CIP + Sy mlP).  (4.13)

Then, the following output feedback stabilization result
holds.

Theorem 4.5. Under Assumptions 4.1 and 4.4, the un-
certain cascade system (4.12) is globally asymptotically
stabilizable by a smooth output feedback controller of the
form (1.3).

The proof of Theorem 4.5 can be done via an argument
analogous to that of Theorem 4.3, with an obvious modi-
fication. The details are omitted for the sake of space.

We conclude this section with an example that illustrates
how Theorem 4.5 can be employed to solve the problem
of global robust stabilization by smooth output feedback,
for uncertain cascade systems which go beyond a trian-
gular structure and contain uncontrollable/unobservable
linearization.

Ezample 4.6. Consider the uncertain cascade system
¢ =—¢+m cos((v)
71 =13 + 02 sin(Cm)
N2 =v
y=m. (4.14)

where 6 is an unknown constant bounded by a known
constant, for instance, by one.

Note that this nonlinear system has three significant fea-
tures that make global output feedback stabilization of
(4.14) difficult. First of all, system (4.14) is not in a
lower-triangular form due to the first or second dynamic
equation. Secondly, the linearized system of (4.14) is

-110 0
A=|0o00|, B=|0|, c=[100],
000 1

which is neither controllable nor observable. While the
latter makes most of the output feedback design methods
inapplicable to system (4.14), the former prevents an ap-
plication of the output feedback control scheme developed
recently (Yang and Lin, 2003) to the cascade system (4.14).
Finally, the presence of the unknown constant 6 requires
that a robust output feedback control scheme be used,
and therefore makes the output feedback design method
proposed in (Yang and Lin, 2003) inapplicable, due to the
nature of the non-robust design.

On the other hand, it is easy to see that the three-
dimensional cascade system (4.14) is of the form (4.12)
with n = 2 and p = 3, and satisfies the assumption
(4.13). Moreover, the ISS-like inequality (4.2) holds for
the ¢-subsystem of (4.14). As a matter of fact, using the
Lyapunov function Up(¢) = ¢* and Lemma 6.1 yields

86—[?(—4 + 1 cos(Cv)) < —3¢* + 27k,

Moreover, the uncertain term 672 sin(¢n1) = n2¢1,1(¢, n, v).
Thus, L L

[91,1(¢, m, v)| = |0sin(Cz1)| < E\C\Z + 5|$1|27
because 0| < 1. Hence, Assumption 4.4 holds.

By Theorem 4.5, one can design a dynamic output com-
pensator of the form (1.3) such that the closed-loop system
is globally asymptotically stable. In what follows, a design
procedure is given for the purpose of illustration.

First, we introduce the rescaling transformation ( =

¢ w1 =m, 22 = g5, u = iy, where M > 1is

a rescaling factor to %e determined later. Such a transfor-
mation results in

(=—C+m cos(M4/3(u)
T1 = M:c% + MY/302, sin(¢z1)
To = Mu
y=ux1. (4.15)

Using the tool of adding a power integrator (Lin and
Qian, 2000), we can find the Lyapunov function

U(CvthZ):MUO(C)'F%("E%'FEg)v &o =2+ arz1,

and a partial-state feedback controller 23 = —(a2&2)® =
—[az2(xz2 + alxl)]s, such that

U< -M[2(¢* + 21 + &) — &o(u—z3)],
where a1 and ag are positive constants independent of M.

Next, let zo = x2 — Loz with L2 > 0 being a gain constant
to be assigned later. Since
29 = Mu — La[Mz3 + M*/30z4 sin(¢x1)], (4.16)
we design the reduced-order observer
Sy = Mu — LaM#3, where #2 = w9 + Loy,

which is a copy of (4.16) without the uncertain term
M1/30zs sin(Cz1).

Using #2 thus obtained and the certainty equivalence
principle, we deduce from z3 that

u = —[ag(.’fz =+ alml)}?’ = —[az(lf)z + Lox1 + alml)]s.(4.17)

Finally, we show that the dynamic output compensator
(4.16)-(4.17) globally robustly stabilizes the uncertain cas-
cade system (4.15) V|0] < 1, if Ly and M are chosen
suitably.

To this end, Let e2 = x9 — &2 = 22 — 22 be the estimate
error. The error dynamics is

é9 = —LaM (a3 — 23) — LaM*/30zg sin(Cay).
2
Choose the Lyapunov function W = %2 Then,

W =ez| — LaM (a3 — &3) — LoM /305 sin(Ca1) |

L
<M(- fe§+L2M*2/3|¢z1zzeg\), V10 < 1.
Selecting M > Lg/z yields
. Lo 4
W< M( — Iez + |Cm1x262\)

Lo
4
where K > 0 is a constant independent of M.

1
<M[- e3+5(<4+x‘{+£§)+1{eg},



Now, consider V(¢,z1,£2,e2) = U({,z1,&2) + W(ez) for
the closed-loop system (4.15)-(4.16)-(4.17). Using Lemmas
6.1-6.5, it is not difficult to prove that

. Lo
VM- (5~ K)ej - (¢ +at + )]
In view of M > Lg/2 and M > 1, it is clear that the choices
Ly =4(K+1)and M = max(Lg/27 1) result in
V<M +af + &5 + ),
which implies the closed-loop system (4.15)-(4.16)-(4.17) is
globally asymptotically stable V0 € [—1,1].

The aforementioned design procedure leads to, for in-
stance, the dynamic output compensator

£ = 0.4v — 80(%2 + 24x1)3
v = —34[24 (w2 + 11.421))3, (4.18)
that does the job.

The simulation shown in Fig. 1 demonstrates global asymp-
totic stability of the closed-loop system (4.14)-(4.18).

1 T T T T T T T T T

08| 4

06 4

04 1

02 1

0 0.5 1 15 2 25 3 35 4 45 5
Time

L
0 0.5 1 15 2 2.5 3 35 4 45 5
Time

Fig. 1 Transient responses of the closed-loop system
(4.14)-(4.18) with @ = 1 and the initial condition
(<7"E17m27 22) = (1, 03, —6, —5), where 12)2 = ,’2’2, z = C

5. CONCLUSION

This paper has proved that under an appropriate ho-
mogeneous growth condition, global robust stabilization
by smooth output feedback can be achieved for a family
of uncertain nonlinear systems whose linearization is un-
controllable and unobservable. A robust output feedback
design approach has been developed based on the idea of a
non-separation principle design (Qian and Lin, 2002a) and
a rescaling technique, enabling one to recursively construct
a robust state feedback controller and a homogeneous
observer that does not depend on the uncertainty of the
system. The main results of this paper have incorporated
and generalized the robust output feedback stabilization
theorem in (Qian and Lin, 2002a), where global exponen-
tial stabilization was shown to be possible for a family of
uncertain systems with controllable/observable lineariza-
tion under a linear growth condition.

6. APPENDIX

This section collects several useful lemmas that play a key
role in deriving the main results of this paper.

Lemma 6.1. Given positive real numbers z,y, m,n,a,b,
the following inequality holds:

n  m+n mtn
az™y"™ < bzt 4 —( + )*%a o

m—+n m
Lemma 6.2. Given positive real numbers z,y,m,n,a,b,
the following inequality holds:
mtn mtn
abxmyn < a m mern + n b Y
T m+n m+n

b= ymn,

m—+n

Lemmas 6.1-6.2 can be proved by the Young’s Inequality.
Lemma 6.3. Let z1,---,xn,p > 0 be real numbers. Then,
(214 +zp)? < max(nP~ 1) (2h + -+ 2h).
Lemma 6.4. Let x and y be any real numbers and p > 0

be an odd integer. Then, the following inequality holds:
—(x — D _ P _ _
(@ =)@ —yP) < —5o (@ —y)
Lemma 6.5. For all x,y € R and any odd positive integer
p, the following inequality holds:
2P — yP| < plz —y|(@P " +yP 7).
The proofs of Lemmas 6.3—6.5 are not difficult and hence
left to the reader as an exercise.

p+1.
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